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{b1, b2, b3}
b3 h

f1 = −(E∞ − E1|2)/h .

E∞

E1|2

E1|2

µ ν

E∞

E∞ =
µ(b21 + b22)

4π(1− ν)
+

µb23
4π

,

R ≫ ρ

ρ U∞ = E∞ ln(R/ρ)

J1 M

f1 = J1 = −(M∞ −M1|2)/h .

M∞ M

M1|2 M

h

M∞ ≡ E∞ M1|2 ≡ E1|2

M∞ E∞ M1|2 E1|2

M∞
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h

(x1 = 0)

h → 0

(r, θ)

M∞ =

∫ 2π

0

r2w∞ dθ =
µ(b21 + b22)

4π(1− ν)
+

µb23
4π

,

w∞

(r, θ)

σ11 = σ12 = σ13 = 0

u1 = 0 σ12 = σ13 = 0 u1 = u2 = u3 = 0

E1|2 M1|2

M1|2

M x1 = 0

M1|2

M1|2 =

∫ π/2

−π/2

r2w1|2 dθ ,

w1|2

M1|2 = 0 w1|2 = 0
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w1|2

U1|2 E1|2

M1|2

h

f1 = −E∞

h
= −M∞

h
= − µ(b21 + b22)

4πh(1− ν)
− µb23

4πh
,

E∞/h

µ2 → 0

U =
µ

4π(1− ν)

[
b21 + b22 + (1− ν)b23

]
ln

2h

ρ
− µ

16π(1− ν)2
[
(3− 4ν)b21 − b22

]
.

U h

−ρ∂U/∂ρ = M∞

J1

J1 M

J1
(−R,R) R
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O R → ∞ J1
x1 = 0

J1 = − 1

2µ

[
(1− ν)

∫ ∞

0

σ2
22(0, x2) dx2 + 2

∫ ∞

0

σ2
32(0, x2) dx2

]
.

σ22(0, x2) σ32(0, x2) x1 = 0

σ22(0, x2) = 2[σ∞
22(0, x2)− σ∞

11(0, x2)] , σ32(0, x2) = 2σ∞
32(0, x2) .

σ∞
ij

σ22(0, x2) =
4µhx2

π(1− ν)

b1h− b2x2

(h2 + x2
2)

2
, σ32(0, x2) = −µb3

π

h

h2 + x2
2

.

{b1, b2, b3} h

(u1 = 0, σ11 ̸= 0)

(u2 ̸= 0, u3 ̸= 0, σ12 = σ13 = 0)

x1 x1 = h

{b1,−b2,−b3} x1 = −h, x2 = 0

x1 = 0 (σ12 = σ13 = 0 , u1 = 0)

h → 0 x1 = 0

{2b1, 0, 0}

ρ R

2b1
ρ R

U1|2 =
1

2
U∞
2b1 , U∞

2b1 =
µ

4π(1− ν)
(2b1)

2 ln
R

ρ
.

ρ R Wρ = −WR
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h → 0

ρ R
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{b1, b2, b3}
{b1,−b2,−b3} x1 = −h, x2 = 0

h → 0

{2b1, 0, 0}
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U1|2 = E1|2 ln
R

ρ
, E1|2 =

µb21
2π(1− ν)

.

E∞ E1|2

f1 =
µ(b21 − b22)

4πh(1− ν)
− µb23

4πh
.

h > ρ b21 = b22 + (1 − ν)b23
b1 = ±b2

M

M1|2 M1|2

M∞ 2b1

M1|2 =

∫ π/2

−π/2

r2w1|2 dθ =
1

2
M∞

2b1 =
1

2

µ(2b1)
2

4π(1− ν)
=

µb21
2π(1− ν)

.

M∞ M1|2

f1 = σ̂21b1 + σ̂22b2 + σ̂23b3 .

σ̂ij x1 = h

{b1,−b2,−b3} x1 = −h

σ̂21 =
µb1

2π(1− ν)

1

2h
, σ̂22 = − µb2

2π(1− ν)

1

2h
, σ̂23 = −µb3

2π

1

2h
.

f1 = −∂U

∂h
, U =

1

2

∫ R

h+ρ

(σ21b1 + σ22b2 + σ23b3)x2=0 dx1 +Wρ +WR .

Wρ WR h

Determination of the image force on a straight dislocation in a half-space…



28 Vlado A. Lubarda

x1

(σ21, σ22) =
µb1

2π(1− ν)

(
1

x1 − h
± 1

x1 + h

)
, σ23 =

µb3
2π

(
1

x1 − h
− 1

x1 + h

)
,

U =
µ

4π(1− ν)

(
b21 ln

R2

2hρ
+ b22 ln

2h

ρ

)
+

µb23
4π

ln
2h

ρ
+Wρ +WR .

R O ρ

Wρ = −1

2

∫ 2π

0

(σrur + σrθuθ)r=ρ ρ dθ , WR =
1

2

∫ π/2

−π/2

(σrur + σrθuθ)r=R R dθ

x1 = 0

Wρ

WR R

2b1

Wρ =
µ

8π(1− ν)2

[
(1− ν)(b21 − b22)−

1

2
(b21 + b22)

]
, WR =

µ(1− 2ν)

8π(1− ν)2
b21 .

−ρ∂U/∂ρ = M∞

M∞

{b1, b2, b3} h
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h

h → 0

ρ R

(u1 = u2 = u3 = 0)

h = 0

R ρ

U1|2 =
1

2

∫ R

ρ

(σrθb1 + σθb2 + σ3θb3)
1|2
θ=0 dr .

(σrθ)
1|2
θ=0 =

4µ(1− ν)

π(3− 4ν)

b1
r
, (σθ)

1|2
θ=0 =

4µ(1− ν)

π(3− 4ν)

b2
r
, σ

1|2
3θ =

µb3
πr

,

U1|2 = E1|2 ln
R

ρ
, E1|2 =

2µ(1− ν)(b21 + b22)

π(3− 4ν)
+

µb23
2π

,

E1|2 E1|2

µ2 → ∞
E∞ E1|2

h

f1 =
µ(b21 + b22)

4πh(3− 4ν)

[
4(1− 2ν) +

1

1− ν

]
+

µb23
4πh

.
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M

w1|2 =

[
4(1− ν)µ(b21 + b22)

π2(3− 4ν)2
(
1− 2ν + cos2 θ

)
+

µb23
2π2

]
1

r2
,

M1|2 =

∫ π/2

−π/2

r2w1|2 dθ =
2(1− ν)µ(b21 + b22)

π(3− 4ν)
+

µb23
2π

.

M∞ M1|2

µ2 → ∞

U =
µ(b21 + b22)

4π(3− 4ν)

[
8(1− ν) ln

R

ρ
− 5− 12ν + 8ν2

1− ν
ln

2h

ρ

]
+

µb23
4π

(
ln

R

ρ
− ln

2h

ρ

)
+W ,

W = WR + Wρ

h U h f1 = −∂U/∂h

−ρ∂U/∂ρ = M∞

ln(R/ρ) E1|2

f1 = −(E∞−E1|2)/h

E∞ E1|2 f1 = −(M∞−M1|2)/h
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M

h

E∞ M∞

E1|2 M1|2

M∞ ≡ E∞ M1|2 ≡ E1|2

M∞ E∞ M1|2 E1|2

E∞ M∞

E1|2 M1|2

M1|2

r2w1|2 r w1|2

M1|2 = 0

w1|2 = 0 M1|2

{b1, b2, b3} M∞ {2b1, 0, 0}
w1|2 = w∞

2b1

{b1, b2, b3}

{b1,−b2,−b3} w1|2

M

M

M =

∮
Pαβnαxβ dl , (α, β) = 1, 2 ,

dl

nα Pαβ

Pαβ = wδαβ − σαγuγ,β − σα3u3,β , w =
1

2
σαβϵαβ + σ3γϵ3γ .

w δαβ

ϵαβ = (σαβ − νσγγδαβ)/2µ ϵ3γ = σ3γ/2µ µ

ν σγγ = σ11 + σ22

M M

O M
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A h

MA

r ≪ h A MO

x1 = −R x1 = R

R ≫ h MO (−R,R)

R h

A h O x1

MA = MO − hJ1 , J1 =

∮
Pα1nα dl .

J1
x1 J1

f1 = J1 = −(MA −MO)/h

MA

r ≪ h A

MA

A

MA =

∮
[w − (σrur,r + σrθuθ,r + σr3u3,r)]

∞ r2 dθ ,

MA =
µ(b21 + b22)

4π(1− ν)
+

µb23
4π

.
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w∞ =

{
1

2π
E∞ +

µν

8π2(1− ν)

[
(b21 − b22) cos 2θ + 2b1b2 sin 2θ

]} 1

r2
.

r2(σrur,r + σrθuθ,r + σr3u3,r)
∞ = −µ(b21 + b22)(1− 2ν)

8π2(1− ν)2
cos 2θ ,

0 2π MA

r2w∞

MO

x1 = −R x1 = R

R ≫ h MO (−R,R)

n2 = 0 P12 =

−σ1γuγ,2 − σ13u3,2 = 0 x1 = 0 R ≫ h

O h

MO

MO =

∫ π/2

−π/2

[w − (σrur,r + σrθuθ,r + σr3u3,r)]
1|2 R2 dθ .

( )1|2

w MO

MO =

∫ π/2

−π/2

R2w1|2 dθ .

w1|2 = 0 M1|2 = 0

2b1

w1|2 = w∞
2b1 =

[
1

2π
E∞

2b1 +
µν

8π2(1− ν)
b21 cos 2θ

]
1

r2
.

r2(σrur,r + σrθuθ,r + σr3u3,r)
1|2 = −µ(2b1)

2(1− 2ν)

8π2(1− ν)2
cos 2θ ,

−π/2 π/2 w

MO
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(σrur,r + σrθuθ,r + σr3u3,r)
1|2 = 0

ur uθ u3

r w

MO

{b1, b2, b3}
µ ν

x1

b1

Φ = −kb1 [2(1− ν)r ln r sin θ + (1− 2ν)rθ cos θ] , k =
2µ

π(3− 4ν)
,

σr = −2νkb1
sin θ

r
, σθ = −2(1− ν)kb1

sin θ

r
, σrθ = 2(1− ν)kb1

cos θ

r
.

ur =
b1
π

{
(θ − π/2) cos θ , 0 < θ ≤ π/2 ,

(θ + π/2) cos θ , −π/2 ≤ θ < 0 ,

uθ = −b1
π




(θ − π/2) sin θ +
cos θ

3− 4ν
, 0 < θ ≤ π/2 ,

(θ + π/2) sin θ +
cos θ

3− 4ν
, −π/2 ≤ θ < 0 .

u1 =
b1
π





θ − π/2 +
sin 2θ

2(3− 4ν)
, x2 > 0

θ + π/2 +
sin 2θ

2(3− 4ν)
, x2 < 0

, u2 = −b1
π

cos2 θ

3− 4ν
.
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u1 u2

r r

u2 r

R

ρ

U =
1

2

∫ R

ρ

(σrθ)θ=0 b1 dr +Wρ +WR , Wρ = −WR ,

Wρ = −1

2

∫ π/2

−π/2

(σrur + σrθuθ)r=ρ ρ dθ = −µ(1− 2ν)b21
2π(3− 4ν)2

,

WR =
1

2

∫ π/2

−π/2

(σrur + σrθuθ)r=R R dθ =
µ(1− 2ν)b21
2π(3− 4ν)2

.

(σrθ)θ=0 = 2k(1− ν)b1/r

U = E1|2 ln
R

ρ
, E1|2 = k(1− ν)b21 ,

E1|2

b2

Φ = kb2 [2(1− ν)r ln r cos θ − (1− 2ν)rθ sin θ] ,

σr = 2νkb2
cos θ

r
, σθ = 2(1− ν)kb2

cos θ

r
, σrθ = 2(1− ν)kb2

sin θ

r
.

ur =
b2
π





(θ − π/2) sin θ −
cos θ

3− 4ν
, 0 < θ ≤ π/2 ,

(θ + π/2) sin θ −
cos θ

3− 4ν
, −π/2 ≤ θ < 0 ,

uθ =
b2
π

{
(θ − π/2) cos θ , 0 < θ ≤ π/2 ,

(θ + π/2) cos θ , −π/2 ≤ θ < 0 ,
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u1 = −b2
π

cos2 θ

3− 4ν
, u2 =

b2
π




θ − π/2−
sin 2θ

2(3− 4ν)
, x2 > 0

θ + π/2−
sin 2θ

2(3− 4ν)
, x2 < 0

.

U =
1

2

∫ R

ρ

(σθ)θ=0 b2 dr +Wρ +WR ,

Wρ = −WR =
µ(3− 2ν)b22
2π(3− 4ν)2

.

(σθ)θ=0 = 2k(1− ν)b2/r

U = E1|2 ln
R

ρ
, E1|2 = k(1− ν)b22 ,

E1|2

b3

u3 =
b3
π

{
θ − π/2 , 0 < θ ≤ π/2 ,

θ + π/2 , −π/2 ≤ θ < 0 ,

σ3r = 0 , σ3θ =
µb3
πr

= 2σ∞
3θ .

U =
1

2

∫ R

ρ

(σ3θ)θ=0 b3 dr = E1|2 ln
R

ρ
, E1|2 =

µb23
2π

= 2E∞
b3 .



37Determination of the image force on a straight dislocation in a half-space…



38 Vlado A. Lubarda




